2 waveguides at a representative wavelength within the strained-Ge emission band (2000 nm).
Each device reported in the main text is found to support three such guided modes, two with TE and one with TM polarization. The electric-field profiles of all three modes for the sample of Next, the photonic band structure for each transverse mode is calculated using the twodimensional plane-wave-expansion method (PWEM) described in Refs. S1 and S2. In this method, the photonic crystal is modeled as a 2D periodic array with refractive indexes na and nb in the pillars and surrounding regions, respectively, with both parameters computed for each transverse mode based on its effective index and confinement factor in the photonic-crystal slab [S2] . Their specific values are as follows: in Fig. S1 (a), na = 2.99, nb = 1.79; in Fig. S1 Fig. S1 ). At the same time, no emission features corresponding to the fundamental TE mode (TE1) are observed. The reason is that the TE1 Γ-point resonances of Fig.   S1 (d) occur in the long-wavelength portion of the strained-Ge emission, at wavelengths above 2 μm. Under tensile strain, the Ge light-hole (LH) valence band is pushed up in energy relative to the heavy-hole (HH) band, so that this long-wavelength emission originates from electronic transitions between the conduction and the LH band. These transitions are predominantly TM polarized (by a factor of over 10 for strain levels above ~ 1%, as discussed in Ref. S3) , and therefore cannot appreciably couple to TE polarized modes. The other non-underscored Γ-point resonanc-es in Fig. S1 either lie outside of the strained-Ge emission band or are too leaky to be excited efficiently by the NM luminescence.
With these assignments, all the peak wavelengths of Fig percentage errors of under 3% may be attributed to the fact that material dispersion is not included in band-structure calculations based on PWEM, which represents the main limitation of this method [S4] .
Finally, we discuss the potential impact of the mechanical stress introduced in the NMs on the properties of the photonic crystals. In our PL measurement setup, the NM effectively lies on the surface of an expanding sphere of PI, whose curvature can be computed as a function of strain based on simple geometrical considerations, given the diameter of the supporting PI film (1.5 cm). Under the strain conditions considered in this work (< 2%), the resulting radius of curvature is found to be larger than 2.2 cm. Such relatively small curvature is illustrated in Fig.   S2 , where we show a photograph of a device mounted in the pressurized sample holder under an applied gas pressure of 520 kPa (the highest value used in the PL measurements of Fig. 3 ). The estimated radius of curvature is significantly larger than the photonic-crystal lateral dimension (in the range of 0.5-1 mm). Furthermore, for a typical array period of 1 m the relative angle correspondingly introduced by the applied stress between neighboring pillars in the array is limited to less than 0.003º. We can therefore conclude that the resulting distortion of the photoniccrystal cavity is negligible, except for an increase in period by the same fractional amount as the tensile strain introduced in the NM. This expansion will produce a proportional red shift in the 5 resonance wavelengths of the cavity modes [as observed in the inset of Fig. 3(c) ], while all other properties including far-field patterns and radiative Q-factors can be expected to remain essentially constant with strain. 
STRAIN MEASUREMENTS BY RAMAN MICROSCOPY
The Raman spectra are measured using a LabRAM ARAMIS (HORIBA Scientific) Raman microscope with a 532-nm laser source. The incident light is focused through a 50× objective on the surface of the Ge NM with a spot size of about 2 m, and the phonon signal is then collected with a CCD detector. Each measurement is taken with a 15-s exposure cycle. A filter is used to limit the laser power to 1.5 mW, in order to avoid heating and any resulting lattice change in the Ge NM. The absence of heating caused by the laser light was confirmed by comparing the Raman spectra measured from a NM at zero pressure and from a bulk Ge sample (where heat is very efficiently dissipated through the substrate): the same peak position was obtained with both samples. Figure S3 shows a series of Raman spectra measured from a 50-nm Ge NM (coated 6 with a PI film using the procedure described in the main text), for different values of the applied pressure. 
PHOTOLUMINESCENCE MEASUREMENT SETUP
The pump light in the PL measurements consists of a train of pulses with 5 ns duration, 20 Hz repetition rate, and 1100 nm wavelength, produced by a tunable optical parametric oscillator and focused on the NM with a spot size of about 1 mm. The data presented in Fig. 3 of the main text
were measured with an average pump power of 1 mW, but similar results are obtained with average powers up to about 10 mW. The emitted light is collected from the NM top surface with an f/2 lens, which provides a collection angle of approximately 14°. This angle is sufficiently large that even the nondegenerate cavity modes featuring characteristic doughnut shaped far-field pat-terns (with typical divergence angles of a few degrees [S6, S7] ) can be collected. The output light is then dispersed through a monochromator, and finally measured using a room-temperature extended-range InGaAs photodetector with 1.2-2.6-m spectral response and 45-MHz bandwidth. To increase the measurement sensitivity, gated detection is performed using a box-car integrator. The spectral response of the measurement setup (including the lenses transmission, the reflectivity of the monochromator grating, and the responsivity of the photodiode) is relatively flat across the entire strained-Ge emission spectrum.
LASING CONDITION
In this section we discuss the lasing condition for the device structures developed in the present work. For the type of two-dimensional photonic-crystal cavities under study, the loss coefficient cav has been investigated as a function of the cavity lateral dimension L in ref. S7, through detailed numerical simulations supported by experimental data. The results of this analysis show that for relatively large cavities where the in-plane radiation losses are negligible (e.g., for L = 500 m as in our devices), cav can be smaller than 10 cm -1 . In the present work, such cavities are combined with a 50-nm-thick Ge NM active layer, and the resulting confinement factor Ge of the fundamental TM mode is about 3%, as illustrated in Fig. S1(b) . Therefore, the threshold gain cav /Ge for lasing in these devices can be less than 300 cm -1 .
To evaluate the NM gain properties, first we use the model described in ref. S8 to compute the peak gain coefficient gp for TM polarized light in undoped Ge as a function of injected carrier density N and biaxial tensile strain . Next, we evaluate the free-carrier absorption coefficient FCA at the wavelength of maximum gain as a function of N, using the formula presented in ref. S9. Finally, in Fig. S4 we plot the net material gain coefficient gp -FCA versus N, for 8 different strain levels. These results are consistent with prior gain calculations for strained undoped Ge [S10] . As shown in this figure, the aforementioned threshold gain of about 300 cm In the present work, the NM PL spectra are measured under the pumping conditions described in the previous section, up to a maximum average strain of about 1.5 %. Under these conditions, carrier densities N of several 10 18 cm -3 can be expected based on data analysis from prior work [S8] . Therefore, according to the simulations of Fig. S4 , at the highest measured strain the NMs are pumped near transparency. At the same time, if we assume cav ≈ 10 cm -1 and Ge = 3%, the data plotted in Fig. S4 indicate that the fundamental TM mode should experience a positive but relatively small total loss coefficient tot = cav -Ge(gp -FCA) on the order of a few 10 cm -1 , corresponding to a quality factor Q = 2neff/(tot) of a few 1000. In contrast, all the measured cavity resonances, as shown in Fig. 3 of the main text, feature significantly smaller quality factors Q < 100, independent of strain and pump power. The implication is that the optical losses in the present devices are dominated by an additional mechanism not included in this analysis.
This loss mechanism cannot be attributed to optical absorption in the array, either by free carriers or band-tail states, as the pillars consist of nominally undoped high-quality crystalline Si.
Instead, we believe that it originates from scattering by structural defects in the NMs, arising from the Ge template layer of the Ge-on-insulator (GOI) wafer used in the fabrication process.
Such defects are observed in microscope images such as Fig. 2(a) of the main text, with typical separations on the order of tens of microns. In addition to causing scattering losses, they can also be expected to act as crack initiation sites under mechanical stress. Further progress will therefore require the development of NMs based on Ge films of higher crystalline quality, in order to minimize the optical scattering losses and at the same time increase the maximum achievable strain. With these prescriptions, the analysis above fully supports the feasibility of strainenabled lasing in Ge-NM photonic-crystal devices under practical strain and pumping conditions.
